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Overview and Main Contributions

We consider a general paradigm of quantum computation using
resourceful ancillary states.

We give no-go results on the possibility of implementing Hadamard
gates using incoherent unitaries, classical control, Z measurements,
and an arbitrary ancilla.

We give evidence that whilst you can siphon off the resource of magic
and entanglement in a supplementary state, this does not hold for
coherence: i.e. some coherence must be present in the operations.

Our technical results relate to the resource theory of coherence.
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Motivation

Clifford + T

Clifford + T gate set.

Hadamard Controlled-NOT Phase T

H • S T

H =
1
√
2

(
1 1
1 −1

)
, CNOT =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 S =

(
1 0
0 i

)
, T =

(
1 0

0 e
iπ
4

)

Cliffords are classically simulable (Gottesman-Knill theorem).

Anything non-Clifford (e.g. T ) is called magic.

T 2 = S .

H, CNOT , T respectively provide coherence, entanglement, magic.
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Motivation

Magic State Injection

Leading error-correction approaches enable fault-tolerant Clifford
gates, but not magic gates (e.g. T ).

Clifford gates and classical control can implement a T gate [1]:

|ψ⟩ • S T |ψ⟩

|T ⟩ := T |+⟩

(1)

Hence we can replace each T gate with a
T state and the above ‘gadget’.

Free operations acting on resourceful state.
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Motivation

Measurement Based Quantum Computation

What about removing CNOT from Clifford + T?

- This naturally leads to MBQC.

MBQC involves performing adaptive local measurements on an
entangled resourceful state, e.g a cluster state.

The ability to perform Z measurements and apply H, S and T gates
implies ability to measure in the X , Y and TXT † bases, which is
sufficient for universality.

It is also known that MBQC is possible with
Z and X measurements on hypergraph states
[2], one can achieve this with computational
basis measurements and Hadamard.

Free operations acting on resourceful state.
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Motivation

Where can we put the cut?

(a) Universal gate set.

(b) MSI. (c) MBQC.

(d) This work.
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Motivation

Motivating Questions

Can we find a unified framework for quantum computation using free
operations on resourceful states?

Is there an implementation of the Hadamard gate using only CNOT,
S and T gates, classical control, computational basis measurements
and an ancillary state?

More generally, where can we put the ‘cut’ between gates and states
and still achieve universal quantum computation? We can put all the
magic and entanglement in a supplementary state, but what about
coherence?
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Results

First ideas: a Hadamard gadget?

|ψ⟩ • S T |ψ⟩

|T ⟩

(2)

|ψ⟩

W

V H |ψ⟩ ?

|γ⟩

(3)
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Results

First ideas

|ψ⟩
W

V H |ψ⟩

|γ⟩

We can replace classical
control with quantum control: |ψ⟩

W

V H |ψ⟩

|γ⟩ •

Deterministic implementation
corresponds to partial trace: |ψ⟩

U

H |ψ⟩

|γ⟩ |

Does there exist a product of (possibly controlled) gates of CNOT , T , S for U?
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Results

First ideas

|ψ⟩
U

H |ψ⟩

|γ⟩ |

(4)

CNOT, S and T are all instances of incoherent unitaries, i.e. are of the following
form for some permutation π and real numbers θx .

U =
d∑

x=1

e iθx |π(x)⟩⟨x | (5)

E.g. CNOT, S , T , Toffoli, SWAP, Paulis are all incoherent, but Hadamard,
quantum fourier transform are coherent.

We ask generally if there exists a (controlled) incoherent U and arbitrary state |γ⟩ s.t.

E(ρ) = Tr2
(
Uρ⊗ |γ⟩⟨γ|U†

)
= HρH† ∀ρ. (6)
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Results

Some Preliminaries

Given some set of unitaries U and a preferred basis {|x⟩}, we denote
by C(U) the corresponding set of generalised controlled unitaries:∑

x∈S
|x⟩⟨x | ⊗ U +

∑
y∈Sc

|y⟩⟨y | ⊗ 1, (7)

where U ∈ U acts on k ≤ n qubits, S ⊆ {0, 1}n−k and Sc is the
complement of S in {0, 1}n−k .

Lemma: controlled incoherent unitaries are incoherent.

Incoherent states are ρ =
∑

x px |x⟩⟨x |.

The dephasing map is defined as ∆(ρ) :=
∑

x |x⟩⟨x | ρ |x⟩⟨x | .
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Results

A unifying framework

Free operations:

Preparation of computational basis states.

Measurement in the computational basis.

Classical control and adaptivity.

Some set of unitaries U .

+
an additional

resourceful state |γ⟩.

Observation

Most general channel possible to implement deterministically can be written as

E(ρ) = TrX

(
U ρ⊗ |γ⟩⟨γ| U†

)
. (8)

Here U belongs to the set of controlled unitaries C(U), TrX denotes a partial
trace on some of the subsystems, and |γ⟩ is an arbitrary fixed state.

This incorporates lots of examples: MSI, MBQC, matchgates, Pauli-based QC . . .

In our case, U are incoherent unitaries, so C(U) are also incoherent, and as SWAP

is incoherent we can WLOG take the trace over the second system.
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Results

Result 1

E(ρ) = Tr2
(
Uρ⊗ |γ⟩⟨γ|U†

)
?
= HρH† ∀ρ (9)

Lemma (See erratum of [3])

Let E : S(H1)⊗ S(H2) → S(H1) be any channel such that
∆ ◦ E ◦∆ = ∆ ◦ E . Then for any state τ ∈ S(H2) the channel
Eτ (ρ) := E(ρ⊗ τ) cannot implement any coherent unitary exactly.

Theorem

Given the ability to perform incoherent unitaries, computational basis
measurements and classical control, it is impossible to implement any
coherent unitary (e.g. Hadamard) exactly, even when supplemented with
an arbitrary ancilla.
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Results

Result 2: Approximate Case

Lemma

Let E : S(H1)⊗ S(H2) → S(H1) be any channel such that

E ◦∆ = ∆ ◦ E , (10)

Define the channel Eτ (ρ) := E(ρ⊗ τ) for an arbitrary state τ ∈ S(H2). Let D
denote the induced trace distance on quantum channels. Then for all states τ , we
have

D
(
Eτ , H⊗n

)
≥ 1

2

(
1− 1

2n

)
. (11)

Theorem

Given the ability to perform incoherent unitaries, computational basis
measurements and classical control, it is impossible to implement a single
Hadamard to within induced trace distance of 1

4 .
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Results

Extensions

Perhaps the above results were a special case, could we use an ancilla and
a single Hadamard to implement 2 Hadamards?

i.e. what about circuits of the following form, for U, V , W incoherent:

U

H

V

W

|ψ⟩

 H1H2 |ψ⟩

...
...

|γ⟩

Again we could write this as . . .
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Results

Extension to k Hadamards

U

H

V

|ψ⟩

 H1H2 |ψ⟩

|
...

...
|

|γ⟩

VH1U |ψ⟩ |γ⟩ = H1H2 |ψ⟩ |γψ⟩ (12)

For incoherent U and V , and some |γψ⟩ that could a priori depend on |ψ⟩.
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Results

Extension to k Hadamards

Suppose that
VH1U |ψ⟩ |γ⟩ = H1H2 |ψ⟩ |γψ⟩ (13)

|γψ⟩ ≡ |γ′⟩ must be independent of ψ - from a no-cloning type
argument.

So we have
VH1U |ψ⟩ |γ⟩ = H1H2 |ψ⟩

∣∣γ′〉 (14)

for some state |γ′⟩.

We now need to introduce the coherence rank.
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Results

Coherence Rank

Definition

The coherence rank [4] of a pure state |ψ⟩ is defined to be the minimum
number of terms required to write the state as a linear combination of
computational basis states. We denote this by χ(|ψ⟩).

E.g. χ(|x⟩) = 1 for any computational basis state |x⟩, and
χ(|+⟩⊗n) = 2n. We also have that χ(|ψ⟩ ⊗ |ϕ⟩) = χ(|ψ⟩)χ(|ϕ⟩).

By inputting |ψ⟩ ∈ {|00⟩ , |++⟩} we get a contradiction in terms of
the coherence rank of both sides of the equation.

VH1U |ψ⟩ |γ⟩ = H1H2 |ψ⟩
∣∣γ′〉 (15)

VH1U |00⟩ |γ⟩ = |++⟩
∣∣γ′〉 (16)

VH1U |++⟩ |γ⟩ = |00⟩
∣∣γ′〉 . (17)
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Results

Bounding the coherence rank

VH1U |00⟩ |γ⟩ = |++⟩
∣∣γ′〉 (18)

VH1U |++⟩ |γ⟩ = |00⟩
∣∣γ′〉 . (19)

Lemma: VH1U can at most (least) double (halve) the coherence rank.

Letting r := χ(|γ⟩) and r ′ := χ(|γ′⟩), the above equations then imply

4r ′ ∈ [
r

2
, 2r ] (20)

r ′ ∈ [2r , 8r ] =⇒ 4r ′ ∈ [8r , 32r ], (21)

which is a contradiction (as r ≥ 1).
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Results

Result 3

Lemma

Let U = UkVk . . .U1V1U0 be a product of unitaries, alternating between
incoherent unitaries Ui and controlled-Hadamards Vi . If we have that

Tr2
(
Uρ⊗ |γ⟩⟨γ|U†

)
= H⊗nρH⊗n ∀ρ, (22)

then we must have that n ≤ k.

Theorem

Given the ability to perform incoherent unitaries and k Hadamards,
computational basis measurements, classical control, and access to an
arbitrary ancilla, it is impossible to implement n Hadamards exactly for
n > k.
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arbitrary ancilla, it is impossible to implement n Hadamards exactly for
n > k.
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Results

Summary

We have shown that you cannot replace the Hadamard
gate with a resourceful state in Clifford + T .

We have argued that some coherence must be present in the
operations for universal quantum computation.

This is in direct contrast with the resources of magic and
entanglement!

Our proofs went via the resource theory of coherence.
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Outlook

Future Directions

Completing our analysis, approximate bounds on the k 7→ n case.

Incorporate MBQC:

Universality in circuit model: implementing any unitary,
Universality in MBQC: preparing any state [5].
Need to take dimension of ancilla into account.

Connection between coherence and measurement incompatibility?

i.e. Hadamard vs X and Z measurements.

General resource theories:

Classical control vs quantum control.

Trade-off between unitarity and resource generating power.

E(ρ) = Tr2
(
Uρ⊗ |γ⟩⟨γ|U†)

Resource injection: boosting the resource content of channels using
resourceful states.

Quantum resources in quantum computation: which resources can be

siphoned off to states? Which must remain present in the operations?
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Outlook

Thanks!

(a) Universal gate set. (b) MSI.

(c) MBQC. (d) This work.
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Hadamard Gadgets

So-called Hadamard gadgets are known to exist, e.g.:

|+⟩ • X H |ψ⟩

|ψ⟩ •
X

(23)

However, they crucially rely on X basis measurements, that is, measurements in

the coherent basis {|+⟩ , |−⟩}. We show that such gadgets cannot exist if one

restricts to computational basis measurements.
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